Abstract. We construct infinitely many smooth oriented 4-manifolds containing pairs of homotopic, smoothly embedded 2-spheres that are not topologically isotopic, but that are related by an ambient diffeomorphism inducing the identity on homology. In particular, these examples show that Gabai's recent "Generalized" 4D Lightbulb Theorem does not generalize to arbitrary 4-manifolds.
Finger move
Whitney move W − + Figure 1 . A finger move is performed along an embedded arc, whereas a Whitney move has support the regular neighborhood of an embedded "Whitney disk" W .
Background
By Smale [14, Theorem D] , smoothly embedded 2-spheres in a smooth, orientable 4-manifold X are homotopic if and only if they are regularly homotopic, i.e. homotopic through smooth immersions. Regular homotopies of surfaces in 4-dimensions are particularly convenient to analyze, since generically there are finitely many times during the homotopy at which the immersed surface is not self-transverse -this occurs when double points of opposite sign are either introduced or cancelled. The local model for the regular homotopy removing pairs of double points is called a Whitney move, and its inverse is called a finger move. Both homotopies are depicted below in Figure 1 . † Suppose h : S 2 × I → X is a regular homotopy between 2-spheres S and T . Then the map H : S 2 × I → X × I sending (x, t) → (h(x, t), t) is a smooth immersion with preimage of its double points a union of disjointly embedded curves in S 2 × I, which we call the cycles of the regular homotopy. The cycles can be isotoped so that they are transverse to the level sets S 2 × {t} except at the times t min , t max ∈ I where they attain maxima and minima with respect to the I factor. Each minimum (resp. maximum) is a point in the preimage of some double point at which the immersion is non-transverse during a finger (resp. Whitney) move.
A cycle which non-trivially double covers its image is called a crossed cycle. An example is shown in Figure 2 . A crossed cycle is said to correspond to the element of π 1 (X) represented by the loop in X × I that it double covers, projected to X. This element is well-defined (choosing the basepoint of π 1 (X) in the image of h) since free homotopy is equivalent to homotopy in S 2 × I. Note that non-trivial elements of π 1 (X) corresponding to crossed cycles are necessarily of order 2.
Using this terminology, Gabai's proof of the Generalized 4D Lightbulb Theorem in [5] in fact shows the following.
Generalized 4D Lightbulb Theorem (restated). Let S and T be smoothly embedded 2-spheres in a smooth, orientable 4-manifold X. Suppose that S and T 1) have a common dual, and 2) are related by a regular homotopy supported away from a neighborhood of the dual, with an even number of crossed cycles corresponding to each element of order 2 in π 1 (X).
Then, S and T are smoothly isotopic in X. † See [4] and also Casson's lectures in [9] for more exposition. 
Main Examples
Consider the family of smooth, orientable, compact 4-manifolds X p,q illustrated in Figure 3 .
The diffeomorphism type of X p,q is determined by the integer p, and the value of q mod 2. To see this, first note that the manifolds X p 1 ,q 1 and X p 2 ,q 2 are diffeomorphic when p 1 = p 2 and q 1 ≡ q 2 mod 2, as sliding the 2-handle with framing q over the 2-handle with framing 0 sufficiently many times reduces its framing to either 0 or 1. The manifolds are distinguished otherwise by their universal (2-fold) covers X p,q since H 1 ( X p,q ) is determined by the value of p (an exercise in Kirby calculus).
From now on, let X = X p,q for any choice of framings p, q ∈ Z. The union of the 0-handle and the 1-handle of X is a copy of S 1 × D 2 × [−1, 1] which we label X (1) . Letting γ denote the (2,1) torus curve pushed into the interior of the solid torus S 1 × D 2 , the 2-handles of framings p and q are attached along neighborhoods of the circles γ ± = γ × {±1}.
Let Σ 0 denote the embedded 2-sphere in X consisting of the cores of these 2-handles connected by the annulus γ × I ⊂ X (1) . For each n ∈ Z, let Σ n denote the image of Σ 0 under the automorphism of X twisting the S 1 × D 2 factor of X (1) longitudinally (i.e. in the S 1 direction) n times as it descends through the I factor, and fixing the 2-handles of X. All Σ n are homologous of square p + q, and share a dual (the union of the core of the zero framed 2-handle and the spanning disk in S 3 of its attaching curve). In fact, there is a self-diffeomorphism of X carrying Σ 0 to Σ n that restricts to the identity on ∂X.
2.1. Lemma. Let S and S be 2-spheres of the same square smoothly embedded in a smooth, orientable 4-manifold X, with a common dual S * . Then, there is an orientation preserving diffeomorphism of pairs φ : (X, S) → (X, S ). Furthermore, if ∂X is non-empty, then φ can be chosen to restrict to the identity on ∂X.
Proof. Since S and S have equal square, the regular neighborhoods N, N ⊂ X of S ∪ S * and S ∪ S * are identified with the same punctured Hirzebruch surface, in which S and S are the zero sections. Surger the common dual S * in X to obtain the manifold X * . The surgery restricted to N and N results in distinguished 4-balls B, B ⊂ X * . By Palais' theorem [16] , there is a smooth ambient isotopy F t : X * → X * taking B to B .
The end of this isotopy gives a diffeomorphism F 1 : X − B → X − B . By Cerf [2] , the map F 1 restricted to ∂(X − B) = S 3 may be isotoped to the identity, so that F 1 can be extended by the identity across N to a diffeomorphism F 1 : X → X carrying S to S . If F 1 does not restrict to the identity on ∂X, modify the diffeomorphism on a collar of ∂X by inserting the isotopy F | ∂X from F 1 | ∂X to id ∂X . This produces a smooth map (X, S) → (X, S ) restricting to the identity on ∂X, as desired.
Thus, when S and S have trivial normal bundles, they cannot be distinguished by the manifolds that result from X by Gluck twisting [7] or surgering either 2-sphere. Likewise, when S and S have self-intersection ±1, they cannot be distinguished by blowing down. In other words, most standard methods of distinguishing smooth isotopy classes of 2-spheres fail when there is a common dual. Note that since F t (B) is not necessarily equal to B for all t ∈ I, it is not possible to surger X * back to X and then extend the isotopy along the resulting D 2 × S 2 (as we did not assume the 2-spheres are homotopic or even homologous, we should not expect this).
Remark.
A similar result holds for homotopic "Σ * -inessential" surfaces Σ, Σ ⊂ X, defined in [5, Theorem 9.7] , of arbitrary genus with common dual Σ * . Note that Σ * can be used to obtain disjointly embedded disks away from Σ ∪ Σ * spanning a generating set for H 1 (Σ). A regular neighborhood of these disks together with a regular neighborhood of Σ ∪ Σ * is diffeomorphic to a punctured Hirzebruch surface, and so surgering Σ * yields an embedded 4-ball B ⊂ X * . Likewise, there is a 4-ball B ⊂ X * corresponding to Σ . An argument analogous to the one above, using the 4-balls B, B ⊂ X * , produces a pairwise diffeomorphism (X, Σ) → (X, Σ ).
2.3.
Remark. Lemma 2.1 shows that Σ 0 and Σ n are equivalent (defined in §0) in X for all n: since the Σ n are homologous, the self-diffeomorphism given by the lemma induces the identity map on H 2 (X; Z).
2.4.
Theorem. The 2-spheres Σ i and Σ j smoothly embedded in X are topologically concordant in X × I if and only if i ≡ j mod 4.
Proof. First, observe that Σ i and Σ j are homotopic in X if and only if i ≡ j mod 2. When i ≡ j mod 2, the lifts of these 2-spheres to the universal (2-fold) cover X are not homologous, and therefore not homotopic. On the other hand, there is a regular homotopy from Σ n to Σ n+2 depicted in Figure 4 . Note that the regular homotopy shown has a single crossed cycle corresponding to the generator of π 1 (X) ∼ = Z 2 . Thus, it can be composed repeatedly to construct a regular homotopy in X with k crossed cycles from Σ n to Σ n+2k . It follows from the 4D Lightbulb Theorem (see the restated version) that the 2-spheres Σ i and Σ j are smoothly ambiently isotopic in X (and hence smoothly concordant in X × I) when i ≡ j mod 4. 
Finger move
Whitney move Isotopy Figure 4 . A regular homotopy from Σ n to Σ n+2 in X. The homotopy, supported in X (1) = S 1 × D 2 × I, consists of one finger move and one Whitney move (whose Whitney disk is shaded in the figure). There is a single crossed cycle, corresponding to the loop winding once around the solid torus S 1 ×D 2 which generates π 1 (X) ∼ = Z 2 .
It remains to show that Σ 0 and Σ 2 are not concordant in X × I (or equivalently that Σ 1 and Σ 3 are not concordant -these pairs of spheres are related by an automorphism of X). So, suppose to the contrary that there exists a topologically locally-flat concordance h : S 2 × I → X × I from Σ 2 to Σ 0 . For each θ ∈ S 1 , the 2-sphere Σ n intersects the 3-ball {θ} × D 2 × I ⊂ X (1) in a properly embedded tangle that consists of a pair of arcs with endpoints where the attaching curves γ ± of the 2-handles intersect the boundary of the 3-ball, as shown for Σ 2 and Σ 0 on the bottom of Figure  5 . In general, the tangle corresponding to Σ n has n half twists.
The universal (double) cover π : X → X has deck transformation the involution τ induced by rotating the given handlebody picture of X by angle π about the dotted circle as indicated in Figure 6 . The map π winds X (1) ⊂ X twice around X (1) ⊂ X; intuitively, the lift "unwraps" the generator of π 1 (X). So, for each θ ∈ S 1 , the 3-balls B θ = {θ} × D 2 × I and B θ+π = {θ + π} × D 2 × I in X (1) are both mapped to {2θ} × D 2 × I ⊂ X (1) . Likewise, each 2-handle of X lifts to a pair of 2-handles in X. In particular, the 2-handles with framings p and q each lift to a pair of 2-handles of colors red and blue, chosen so that τ interchanges them, as in Figure 6 . The attaching regions S 1 × D 2 of these 2-handles intersect each 2-sphere S θ = ∂B θ in red and blue co-cores D Each 2-sphere Σ n lifts to two spheres Σ n,r and Σ n,b in X; again there is both a red and blue lift. Likewise, by the homotopy lifting property, the concordance h lifts to a pair of concordances h r : S 2 × I → X × I from Σ 2,r to Σ 0,r and h b : S 2 × I → X × I from Σ 2,b to Σ 0,b . Since the cover X is simply-connected, and both the red spheres and the blue spheres have a common dual (the two lifts of the common dual of the Σ n ), it follows from [5, Theorem 10.1] that there is a smooth ambient isotopy from Σ 2,r Σ 2,b to Σ 0,r Σ 0,b in X. However, we shall show that this is not "equivariantly" true, i.e. no such isotopy can be the lift of an isotopy from Σ 2 to Σ 0 in X.
Let T denote the disjoint union of the images of h r and h b , two properly embedded copies of S 2 × I ⊂ X × I. The deck transformation τ interchanges the red and blue 2-handles, as well as the red and blue spheres Σ n,r and Σ n,b . Composing with τ also exchanges the maps h r and h b , i.e. (τ × id) • h r = h b and (τ × id) • h b = h r (swapping the red and blue components of T ). The concordance h can be isotoped rel boundary to arrange for T to be topologically transverse † to the following submanifolds of X × I: After these adjustments, T intersects the 4-ball B 0 × I ⊂ X × I in a properly embedded surface with both red and blue components, whose boundary is an oriented link L embedded in ∂(B 0 ×I) = S 3 with linking number lk(L) between the red and blue components equal to zero. (Note that a choice of orientation of the sphere Σ 0 induces an orientation of the concordance, and so also L.) As shown in Figure 7 , the link L decomposes into three oriented tangles: (i) a tangle (Σ 2,r ∪ Σ 2,b ) ∩ (B 0 × {0}) in the "inner" 3-ball, (ii) the reverse mirror image of the tangle (Σ 0,r ∪ Σ 0,b ) ∩ (B 0 × {1}) in the "outer" 3-ball, (iii) and a tangle T ∩(S 0 ×I) connecting the endpoints of the tangles in the inner and outer 3-balls.
The tangle T ∩ (S 0 × I) can be decomposed further into the disjoint union of four tangles, where T intersects each of the cylinders D b,θ ) denote the linking numbers between the red and blue components of each tangle, defined as follows: connect the endpoints of the given tangle by an embedded, oriented arc in the boundary of the cylinder. All such arcs are isotopic in the boundary (rel their endpoints), so pushing the arc into the interior of the cylinder gives a unique oriented link in the 3-ball. The linking number of the red and blue components of this link is said to be the linking number between the red and blue components of the tangle. † † In fact, a linking number between the red and blue components of any "bi-colored" oriented tangle T in the 3-ball is well-defined, as long as all non-closed components have the same color. 
contradicting the fact that lk(L) = 0. Therefore, there can be no such concordance h.
This argument can be extended to produce a similar family of homotopic but non-isotopic smoothly embedded spheres in a closed 4-manifold; namely, the 2-spheres Σ n ⊂ X sitting naturally in the closed double DX. A handlebody diagram for the double is shown in Figure 9 : There is one 0-handle and one 4-handle. Each 2-handle of X gives rise to an additional 2-handle attached along a meridianal unknot with framing 0, and the 1-handle of X gives rise to a 3-handle (with attaching region S 2 × I) when flipped "upside down". Since all of the extra 2-handles added to X in order to form the double are attached along curves that are null-homotopic in X, there are isomorphisms π 1 (DX) ∼ = π 1 (X) ∼ = Z 2 . The handlebody structure for DX induces a relative one for Proof. Similar to the bounded case, each Σ n is smoothly ambiently isotopic to one of Σ 0 , . . . , Σ 3 in DX, with Σ i and Σ j homotopic if and only if i ≡ j mod 2. It again remains to show that Σ 0 and Σ 2 are not concordant. Suppose to the contrary that there exists a smooth concordance h : S 2 × I → DX × I from Σ 2 to Σ 0 . By general position, the image of the concordance can be arranged to avoid the 5-handle of DX × I. Then h lifts to a pair of red and blue concordances h r : S 2 × I → DX × I and h b : S 2 × I → DX × I whose images are disjointly embedded in the complement of the 5-handles of DX × I, and satisfy (τ × id)
We borrow all previous notation. So, once more, D ± r,0 and D ± b,0 denote the co-cores where the attaching regions of the red and blue 2-handles intersect S 0 . Let A ± be the annuli where the attaching regions of the 3-handles (after a perturbation) intersect S 0 . It can be seen from Figures 9 and 10 that A ± are both contained in the attaching region B of the blue 3-handle. As in the bounded case, the concordance h may be perturbed if necessary so that T is topologically transverse to the analogous submanifolds of DX, in addition to the properly embedded submanifolds A ± × I, B × I ⊂ X × I.
These tranversality assumptions guarantee that T (B 0 ×I) is an embedded surface in the 4-ball B 0 × I, bounded by a link L with red and blue components in ∂(B 0 × I) = S 3 . As before, L is composed of tangles in B 0 × {0} and −B 0 × {1} connected by a tangle in S 0 × I. The decomposition of this last tangle, however, must be refined in the closed case since the concordances h r and h b are now free to pass over both the 2-handles and the 3-handles of DX (since the image of h is disjoint from the 5-handle of DX × I, note that T only intersects S 0 × I along the attaching regions of the 3 and 4-handles of DX × I associated with the 2 and 3-handles of DX). π Figure 9 . The double DX (bottom) and its universal (2-fold) cover DX (top). The attaching spheres for the 3-handles are pictured as punctured surfaces going over the 2-handles: the red and blue attaching 2-spheres are the lifts of the grey. S 0 Figure 10 . The intersection of the attaching regions of the 2-handles and 3-handles of DX with the 2-sphere S 0 .
In particular, the tangle in S 0 × I is now a disjoint union of the bicolored tangles T Figure 7 ) and C ± = T ∩ (A ± × I) as shown in Figure 11 . In fact the C ± are links, since the red and blue 2-spheres at the ends of each concordance are disjoint from the attaching sphere of the blue 3-handle.
Let lk(C ± ) denote the linking number between the red and blue components of C ± ; recall, that C ± ⊂ L inherits an orientation once an orientation of the 2-sphere at one end of the concordance is chosen. This linking number is well-defined since C ± is contained in A ± × I, which lies in the 3-sphere ∂(B 0 × I). In addition, let w(C ± ) denote the absolute values of the integral winding numbers of the curves C ± around the S 1 factors of the solid tori A ± × I, with respect to either orientation on S 1 .
Proof of 2(a) : The attaching region S 2 × I of the blue 3-handle in DX contains a disk's worth of co-cores ∆ such that A + ⊂ ∂∆ (similar to the proof of Claim 1). Because of the transversality assumptions, T (∆ × I) is a properly embedded surface in the 4-ball ∆ × I, bounded by the link C + in the solid torus A + × I ⊂ ∂(∆ × I). Hence lk(C + ) = 0. The argument showing that lk(C − ) = 0 is analogous.
Proof of 2(b) : Since they are disjoint, the annuli A + and A − are connected by an interval's worth of annuli A × I in the attaching region of the blue 3-handle. The transverse intersection of T with the product (A × I) × I in DX × I is an embedded cobordism in (A × I) × I from C + ⊂ A + × I to C − ⊂ A − × I (for an appropriate choice of orientation on both solid tori), which implies that the winding numbers of the red and blue sub-links are preserved. This proves the claim.
In the closed case, the link L is a satellite of a 4-component link in S 3 . Namely, it is a satellite of the union of the Hopf link and the meridianal unknots of both its components, with patterns given by the tangle sums T Remark. The main theorem stated in the introduction follows from Theorems 2.4 and 2.5, setting S = Σ 0 and T = Σ 2 and noting that these spheres are equivalent by Remark 2.3. To generate infinitely many 4-manifolds, as asserted in the theorem, one can vary the framings p and q of the 2-handles in either X or its double. Alternatively, the arguments above apply to 4-manifolds built from X by adding arbitrary 2-handles attached away from the 3-ball {0} × D 2 × I ⊂ X (1) . These include the connected sums of X with multiple copies of S 2 × S 2 or ±CP 2 .
Question 1. Given any 4-manifold Z and any element of order 2 in π 1 (Z), does there exist an associated pair of homotopic but non-isotopic smoothly embedded 2-spheres in Z?
It follows from Cerf [2] that two knots in the 3-sphere are isotopic if and only if there is an ambient orientation preserving automorphism carrying one to the other. Our main theorems show that an analogous statement does not hold for homotopic knotted 2-spheres in arbitrary 4-manifolds. However, if the automorphism is assumed to be homotopic to the identity, it is conceivable that the spheres may be smoothly (or at least topologically) isotopic.
Question 2.
Is there a diffeomorphism of X (or DX) taking Σ 2 to Σ 0 that is homotopic to the identity? More generally, is the diffeomorphism given by Lemma 2.1 homotopic to the identity when the spheres S and S are homotopic?
